Upper and lower bounds on the asymptotic behavior of Im F(s, t)=A(s, v) and its higher derivatives on v for large s with v fixed to small non-positive values are derived using the results from axiomatic quantum field theory. Here, F(s, t) is a certain elastic scattering amplitude, sand t are the usual Mandelstam variables, v=t(ln(s/s 0 ))2 and s 0 is an unknown scaling factor.
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Another related difficulty is an oscillatory behavior of P~ (cos e) as a function ot l for fixed physical e. Singh ) and the elastic differential cross section 3 ) in terms of elastic and total cross sections. They are both continuous at (} or t = 0.
In this paper, we avoid the above-mentioned difficulties by choosing a new variable v=t (In ( 
Here, s 0 is an unknown scaling factor. A crucial point of our derivation is the use of simple properties of P~ (z) at z (l) <z<l where z (l) is the position of the first zero (the zero which is nearest to z = 1) of P~ (z). Basic assumptions and the results are given in § 2. Derivation of the bounds and a proof of a related theorem are given in § 3. In § 4 an upper bound on the position of the zero of A (s, v) as a function of v for large s is derived, and the result is compared with that of Bessis which has been obtained using mainly analyticity alone.
)
In § 5, discussions are given with a few miscellaneous ex-
amples. § 2. Assumptions and results
We consider a two-body elastic scattering of spinless particles and refer to the corresponding amplitude F(s, t).
(a) assumptions
According to the results from axiomatic quantum field theory 5 ) we assume (i) the convergence of the partial wave expansion v's co F(s, t) = - for large s, mass dependence is already ignored in the argument of the Legendre function because it has no effect on the problem under consideration, t 0 is the square of the mass of the lowest mass state which couples to the t-channel, D a real unknown dimensionless constant and s 1 an arbitrary unit of energy squared.
(b) results
From the above assumptions (i), (ii) and (iii) we can derive the following ·bounds: 
for n = 1, 2, 3, · · ·, and v fixed in the range
L 2 Is a positive number which is determined by the condition Furthermore, at:::::::2.4 is the position of the first zero of the Bessel function J 0 (x), and {3 is a positive constant which is not smaller than unity and satisfies the condition
and F/(z)=dP. 6 (z)/dz.
(c) approximate bounds
The bounds (2 · 4) and (2 · 5) can be wdtten approximately in a more transparent form if I vI is sufficiently small. By using the hypergeometric series
we have We will hereafter omit the quantities such as R throughout this paper. From (2 ·16) it is obvious that the approximate bound (2 ·14) is valid for all range of v specified by (2 · 6) when
Similarly we have from (2 · 5) and (2 ·13) 2L12n+2
for n = 1, 2, .. · <, L1 and o<-v<_32rc (n + 3) (ln (s/ so) ) 2 / 6tot (s). Now one needs the explicit value of L 2 in order to obtain similar expressions for the left-hand side (1. h. s.) of (2 · 4) and the r. h. s. of (2 · 5) . Since L2 cannot be determined explicitly without specifying an explicit form of 6tot (s), we consider the following four cases: 
An outline of the calculation of L 2 is given in Appendix A. Substituting (2·20arvd) into (2·4) and combining the results of (2·14), we have 
with n = 1, 2, · · · <Ll for the lower bound and
(n+ 2 )t (B(n+1)/B(n+2))
o<-v<
with n = 1, 2, · · · <L 2 for the upper bound. Here B (n) is given by
In these approximate bounds, v should of course satisfy (2 · 6) as well. Definition of A (s, v) and _A<n) (s, v) is given by (1·4) and (1· 5).
It should be noted here that the approximate bounds obtained above are valid when s is sufficiently large so that ln~/ln~:::::::1.
S1

So
Only an outline of . the derivation of the approximate bounds (2 · 21) and (2 · 24) is given in Appendix B because it is rather straightforward.
The bounds obtained in the preceding subsection are valid for small negative v including the point v = 0. Therefore it is easy to obtain the v = 0 limit of the bounds. From (2 · 24) we have
for the cases (ii) and (iii) , respectively with n = 1, 2, 3, · · · <_L 1 and L 2 for (iv) the lower and upper bound, respectively. The bound (2 · 28) can be rewritten as
. Bounds of more rough forms which correspond to (2 · 29) were given by Eden. 
Assuming that l and s are sufficiently large and using the asymptotic formula 
where [ y~J Is given by (2 · 9) and L is determined from
and the solution is given by (2 ·10) and (2 ·11). The asymptotic formula (3 · 3) is easily obtained by using successively the asymptotic formulas for o<Jz 2 
and for large positive x ,
where 1 0 (x) is the Bessel function of an imaginary argument.
)
Now a possible maximum contribution from the higher partial waves with
(The last step in the above estimate is carried out using the asymptotic formula of the incomplete gamma function. See also the calculation in Appendix A.)
Therefore we can cut off the partial wave summation at l = {3L and ignore the contribution from the higher partial waves with f3L<l for v = 0 if the condition Here, s 0 ' is an unknown scaling factor. Therefore our bound is more restrictive than that of Bessis when v 1 < v 2 , i.e., 
where the higher order terms on the r. h. s. of (5 ·1) can be neglected according to the theorem I. Therefore the approximate bounds (2 · 21) and (2 · 24) can be written in the following form: 
The higher order terms in v cannot be neglected in comparison with the lower order terms for an arbitrarily small but nonvanishing fixed v when s tends to infinity and thus the theorem I 1s violated. Now we consider another simple example and apply the v = 0 bounds to it: 
(d) conclusion The bounds with fixed v obtained in this paper may be useful to discriminate several models for high energy elastic scattering which contain complicated singularities in the crossed-channel complex angular momentum plane in the neighbom·hood of t = 0.
Our results clearly illustrates the importance of the variable v. This is seen also from the recent works by Kinoshita, 11 ) Casella 15 ) and Cornille 16 ) on the Pomeranchuk theorem and the asymptotic behavior of the scattering amplitude in the near forward direction. Hence L1 which is to be determined by (3 ·17) must be smaller than L. Accordingly [ y~J = 1 on the 1. h. s. of (3 ·17 
